In this work, an analytic expression is derived for the optical field generated by an off-axis Gaussian beam diffracted by a Discrete Vortex-Producing Lens (DVPL). With this system, a multifocal arrangement of asymmetric optical vortices is obtained whose topological charge values change with the position along the optical axis. This scheme allows obtaining a principal asymmetric vortex corresponding with the topological charge value of the phase mask and secondary asymmetric vortices with topological charges different from the one programmed onto the phase mask. With the analytical expressions, the effects induced by the discretization and misalignment on the irradiance and phase of each vortex can be simultaneously studied. A signal-to-noise ratio expression is derived to verify if the noise of the multifocal system might affect importantly the optical vortices of interest. Finally, we proposed new metrics to measure the off-axis displacement using the phase. We concluded that noise is not a problem, DVPL can be used with the same results with with a continuous SPP, and secondary optical vortices can be used in the same way as principal optical vortices.
Introduction
Optical vortices (OVs) are localizations in space, lines in 3D or points in 2D, where the amplitude of the field is zero while its phase is undefined [1, 2] . The phase has a helical shape represented by the term exp(i θ), where θ is the azimuthal angle and is the so-called topological charge that represents the number of times the wavefront phase varies 2π [3] . One important method used to generate optical vortices consists of a beam with a Gaussian profile impinging on a spiral phase mask with a linear dependence between 0 and 2π . Then, an OV with a doughnut-shape irradiance pattern, i.e. with radial symmetry, is obtained at the far-field. Such OVs can be easily produced from diffractive optical elements such as computer-generated holograms (CGHs) [4] , spiral phase plates (SPPs) [5] or vortex-producing lenses (VPLs) [6, 7] . Because of OVs' intrinsic features and relative easiness for experimental generation, interest in the study of these types of beams has grown, leading to some interesting applications in metrology [8] , phase-shifting interferometry [9] , stellar choronography [10] , optical tweezers [11, 12] , optical communication [13] , among others. In recent works, it has been shown both, analytically and numerically, that relative displacements between the input Gaussian beam and the phase mask generating the vortex, lead to loss of the irradiance radial symmetry [14, 15, 16, 17, 18] . Particularly, Anzolín et al. [16] using a continuous spiral phase plate (CSPP) developed an analytical model to measure off-axis displacements by measuring the asymmetry of the irradiance pattern. They showed that OVs with higher topological charges tend to lose their irradiance symmetry faster than those of lower charges, meaning that higher topological charges are more sensitive to misalignments. This behavior was experimentally verified using binary VPLs [19] . Binary or discretized phase masks differ from the one proposed by Anzolin et al. in that they produce multifocal arrangements with multiple OVs [22, 23, 25, 26] . In particular, Rumi et al. [23] show analytically that an on-axis Gaussian beam impinging into a DVPL produces secondary optical vortices (SOVs) at different positions of the optical axis, depending on the topological charge of the principal vortex and the number of discretization levels N . Another important aspect about those works concerning off-axis beams is that they only study the irradiance behavior, and occasionally the angular momentum [15, 20, 21] , paying little attention to the phase of the optical field.
In this work, based on the analytical derivations of [16, 23] , we develop the optical field analytic expression for the general case of an off-axis Gaussian beam and a discretized vortex-producing lens. The field obtained is expressed as a summation of Kummer-beams. By varying the setup parameters, offaxis displacement, and discretization levels, we analyze the effects over the irradiance and phase of the optical field at the observation plane. Also, we study the relevance of the noise of the multifocal system with respect to the OVs of interest at the observation plane. Finally, the behavior of the intensity and phase distributions are studied as the misalignment is varied.
Analytic description
An off-axis Gaussian beam centered at (r of f , θ of f ) (see Fig. 1 ), impinges normal to the surface of a DVPL located at plane SLM. In polar coordinates, the transmission function of the DVPL can be expressed mathematically by [23] :
where f F R is the phase diffractive-lens focal distance, k is the wavenumber, N is the number of discretized phase levels, is the principal topological charge and floor[x] is a function taking the nearest integer smaller than or equal to x. This transmission function can be expanded in a Fourier series on a base of topological charges m:
being T m (r) the weight of each topological charge m, given by [23] :
, in other case (3) with sinc(x) = sin(πx)/πx. From equation (3) it can be seen that T m is nonzero only when the equality m = (N t + 1) is satisfied. This shows how from a principal topological charge secondary topological charges m can also be created depending on N and t ( Fig. 2 illustrates such dependence). Note that, for t = 0 the principal topological charge is obtained. Because of the quadratic phase term, each secondary vortex will be focalized in a different plane depending on the value f F R /m. Getting back on track with the field, its expression just after the off-axis Gaussian beam impinges the DVPL is
being w, r of f and r, the beam radius, the position vector and the off-axis position vector of the Gaussian beam, respectively. Note that summation is done explicitly on t. After propagating the field a distance Z from the lens (observation plane) it can be written as
where f is the focal distance of the lens, b t = 1
Note that, from Eq. (5), if Im{b t } = 1 f − Z f 2 − N t+1 f F R = 0 a focal plane appears at:
Equation (7) indicates the positions on the optical axis where different optical vortices are formed according to the values of N and t. The principal vortex appears at Z = f − f 2 /f F R , corresponding to t = 0, whereas for t = 0 the positions of the SOVs are predicted.
Returning to Eq. (5), and because each term of the summatory can be treated as the field produced by a continuous SPP of topological charge m, by grouping the arguments of the last two exponentials and applying a definition of variables similar to that one reported in [16] ,
with γ and ψ given by
the integral in Eq. (5) can be simplified to
Solving the integrals it is found that:
where I n (x) is the modified Bessel function and η = kγ 2f . Note that, η can take complex values when r of f = 0. Eq. (13) is a general form of the field at the observation plane since it considers both, an off-axis displacement of the Gaussian beam and the discretization of the phase mask. As we will see in the next section, by analyzing this expression it is possible to observe effects on irradiance and phase that could not be predicted by previous works. Meanwhile, note that, if we take r of f = 0 then γ 2 = ρ 2 , ψ = β and Eq. (13) is reduced to the particular expression obtained in [23] using a centered DVPL. Additionally, if we take N −→ ∞, a particular solution analogous to that one shown in [16] using a CSPP can be obtained. Now let's look at the effect of some terms of this equation. The complex nature of η 2 and ψ (when r of f is different from zero) is responsible for the asymmetry on the irradiance of the OVs. From Eq. (10) we know that the principal vortex is formed at position (ρ, β) = (
, similar to that shown in [16] . Note that, the vortex position is independent of N, , t and f F R , which are the parameters of the DVPL, but depends on w and f , which corresponds to the Gaussian beam and optical setup parameters. So, the smaller the Gaussian beam radius or the larger is f , the greater off-axis displacement of the principal vortex singularity at the observation plane. In Fig (3) we show an example for a principal charge = 1 and a secondary charge m = −1, for two different beam radius w. Note that there is no difference between the principal and secondary vortex displacements. Continuing analizing Eq. (13), recall that C N t contains the term sinc N t+1 N (Eq. (6)) which controls the overall amount of energy corresponding to each vortex m (or order t) in the expansion. In Figure 4 , it is shown (in logarithmic scale) its weight corresponding to the principal vortex (order t = 0) and to some secondary vortices (orders t = −3, −2, −1, 1, 2), for different N discretization levels of the phase mask (notice that it is valid for any principal vortex ). It can be seen that as discretization levels increase, the amount of energy available for secondary vortices decreases. For example, for the case of two levels, 40% of the energy goes to the principal vortex, another 40% goes to the first secondary vortex and the remaining 20% is available for the remaining SOVs. Recalling now on the quadratic complex term exp − η 2 2bt , it is directly related to the focusing of each vortex at a distance Z t when the imaginary part of b t becomes zero; allowing the generation of a multifocal arrangement of optical vortices. To see this we take the real part of the complex-term argument and rearrange terms to obtain:
Because we are only interested to account for the optical field at the different focal planes, using Eq. (7) and defining t as the order of interest to be seen at distance Z t , and t for the vortices that are not focalized at distance Z t , Eq. (14) simplify to the following expression:
Apart from a constant factor that is equal for all terms in the expansion, the numerator has three terms: the first one corresponds to a Gaussian beam centered at the optical axis, the second one corresponds to a shift of the Gaussian beam as a function of the displacement r of f in accordance with the position of the singularity, and the third term corresponds to a radial deformation of the Gaussian beam shape as a function of the angle β (Note that for the principal vortex, t = t , this term is zero). More important for the distribution of the energy, is the denominator which is proportional to the square of the Gaussian beam radius. It reaches its minimum value 4/w 4 for the vortex that focalizes at Z t , and increases in multiples of kN /f F R depending on the order of the corresponding vortex with respect to the focalized vortex, i.e. increases for the non-focalized vortices.
Finally, the factor j −N t e − jπ(N t+1) N will be responsible of a constant phase rotation presented in Fig. 5 . The first row representing the phase distribution when we take the total field and the second row representing the phase response when this factor is neglected.
Signal to noise ratio of secondary vortices
We now want to know how much does a non-focalized vortex will affect the vortex of interest, of order t, at plane Z t . To do this we compare at plane Z t the optical power of the vortex of order t with respect to the optical power of the rest of the vortices (noise), measuring the signal-to-noise ratio (SNR) SNR dB = 10 log 10 P t P noise (16) P t is obtained by integrating the square module of the term t of interest in Eq. (13) over the area of influence, which is defined as the area subtended by a radius from the center of the vortex to the distance where the maxima of the vortex reduces to a half. P noise is obtained by integrating the other terms of the summation in Eq. (13) over the same area, and summing.
We then analyzed the effects of using different parameters in the system; for all cases the sum in Eq. (13) is done only with orders −4 ≤ t ≤ 4. In Fig.  6 we have plotted the SNR for different phase-discretization levels, different topological charges, and different f F R values, using w = 6 mm, f = 200 mm, and λ = 532 nm, when the beam is on-axis. The most important conclusion is that for all cases the SNR was high, greater than 15 dB, meaning that, in principle, it is possible to work with any of the secondary vortices. Also, the variations of the SNR are only appreciable for the case of the principal vortex (order t = 0), while for the secondary vortices the SNR stays almost constant, only varying when f F R changes. The reduction in the SNR when f F R gets larger is because the DVPL tends to become a discrete SPP.
In Fig. 7 we have plotted the SNR for different phase-discretization levels, different topological charges, and different f F R values, using w = 6 mm, f = 200 mm, and λ = 532 nm, but now the beam is off-axis. The conclusion is that the SNR does not depend on the translation of the beam with respect to the optical axis, which is of great interest if one intends to used off-axis displacements for metrological purposes.
We will now see how the phase and irradiance distribution of this multifocal arrangement of asymmetric optical vortices is affected at each focal plane. It should be noted that, given the percentages of energy available for each SOV, in our analysis, we only consider the terms of the sum that contribute most or affect the formation of the vortex, which are values for −3 ≤ t ≤ 2; additional terms of the expansion are going to be disregarded.
Analysis of irradiance and phase on secondary asymmetric optical vortices
In 
Irradiance distribution
In this subsection, we compare the irradiance pattern between a CSPP, a DVPL principal vortex, and a DVPL secondary vortex (all with the same charge), for different off-axis displacements. In Fig. 8 we present the corre-sponding irradiances for topological charges -1, -2, and -3, and for r of f = 0 mm, 0.5 mm, and 1 mm. When comparing the different patterns no appreciable difference is observed. In fact, if the method proposed by Anzolin et al. [16] is applied the results will be the same and will only depend on the charge value. This explains why the experimental results, in [19] , for an off-axis Gaussian beam impinging onto a binary VPL agrees with the results presented by Anzolin et al. It is worth mentioning that the irradiance patterns in Fig. 8 were normalized to facilitate comparison. This is completely acceptable because as we showed before the SNR for all the SOVs is high.
Yet, a closer look into the singularity shows a difference in the case of the SOV due to the effect of the other SOVs and principal vortex. In Fig.  9 is shown the case for a topological charge -3 and an off-axis displacement of 0 mm and 1 mm. For the CSPP and the principal topological charge of the DVPL, the patterns are almost identical and in each case, only one singularity is recognized. On the contrary, for the secondary topological charge of the DVPL, the separation of the singularities is evident. However, it is worth noting that the separation changes around a centroid that experiences the same displacement of the singularities of the first two cases (CSPP and DVPL principal vortex), predicted by Eq. (10). The centroid corresponds to the position expected for the principal vortex in the case of a DVPL, or the vortex in a CSPP. In Fig. 10 we show this for the case of topological charges -3 (Fig. 10a ), -2 (Fig. 10b ), and -1 (Fig. 10c ). It is worth noting that the beam radius w directly affects the displacement of the centroid for a given off-axis displacement of the beam: greater the radius, smaller the centroid's displacement. Finally, we verified that the centroid's position does not depend on the topological charge. 
Phase response
In Fig. 11 and Fig. 12 the phases corresponding to the irradiance patterns of Fig. 8 and Fig. 9 are shown, respectively. Three main characteristics can be highlighted: the phase singularity is displaced as expected (the centroid for the SOV), the discontinuity lines of the phase show a curvature proportional to the displacement, and the angles between the discontinuity lines are also modified. Also, for the SOVs, as in the irradiance case, the separation of the phase singularities change proportional to the displacement. In Fig 12, the phase distribution corresponding to topological charge -3 is shown to appreciate the changes and differences in more detail.
The different behavior of the phase singularity position and dislocation lines could be used as features to follow the off-displacement of the Gaussian beam. With this in mind, we have proposed three different metrics for three different topological charges to study its response to displacements. In Fig.  13 we show the principles of the metrics for topological charges -1, -2 and -3.
Let us start with the phase distribution for m = −1, Fig. 13a(top) . The principal effect in OVs with this charge is an angular rotation in its discontinuity line. With this in mind, the angular rotation as a function of off-axis displacement of the Gaussian beam is analyzed. As a result, a linear dependence is found as depicted in 13a(bottom). Regarding the OVs with charge m = −2, the angle between the discontinuity lines accounts, see Fig.  13b(top) . For r of f = 0 this separation is equal to π, but as long as the off-axis displacement increases the lines of discontinuity approach each other. If the phase difference between discontinuity lines is plotted as a function of the off-axis displacement, a linear dependence is observed, as can be seen in Fig.  13b(bottom) . Finally, for m = −3 (Fig. 13c(top) ), as an indicator for the displacement, the sum of the distances of each singularity point (red, green and blue point) with respect to the centroid (yellow point) is evaluated. In this case, as is shown in Fig. 13c(bottom) , a quadratic dependence is found.
For r of f = 0 the minimum distance obtained is different of zero since for SOVs, even with the Gaussian beam centered, there is a slight separation of the singularity caused by the superposition of other defocused vortices that arrive at that plane of observation. These changes in the phase as a function of the off-axis displacement of SOVs open new possibilities to establish other measurement indicators.
Conclusions
In this work, an analytical expression of the optical field produced when an off-axis Gaussian beam is diffracted by a discrete vortex producing lens, giving a multifocal arrangement of secondary optical vortices, is found. The analytical expression is more general than previous ones since it allows us to observe behaviors in the phase and irradiance distribution of the vortices that had not been previously reported. The contribution of each term in the optical field is analyzed, showing that the results are dependent on system parameters such as discretization levels, Gaussian beam size, and the order t. Regarding the intensity, as a result of the discretization of the VPL, it is observed for the SOV with m = −3 that the vortex is split into three unitary vortices. Besides, if the misalignment appears, the separation of the phase singularities of the vortices increases. Nevertheless, the centroid for the separated phase singularities is always located in the position corresponding to the phase dislocation for the case of a CSPP. Focusing on the phase of the field, SOVs have notorious changes in their phase distributions. They tend to present greater rotations due to the misalignment, accompanied by a separation of discontinuity lines in the phase. Therefore, there is a displacement of the singularity of the phase associated with the misalignment and a separation of the lines of discontinuity associated with the DVPL. These behaviors give rise to the possibility of using the phase as a parameter to measure offdisplacements. We have also shown that all the SOVs have a good SNR and no noise problems appear, being the only important parameter for detection the energy or sensitivity available for the particular SOV of interest.
